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Addendum to “Finite-size effects on multibody neutrino exchange”

A. Abadd
Theory Division, CERN, CH-1211 Geneva 23, Switzerland

0. Pee' and J. Rodguez-Quinterd
Laboratoire de Physique Theque et Hautes Energies, Universitie Paris XI, B4 211, 91405, Orsay Cedex, France
(Received 23 October 1998; published 5 March 1999

The interaction energy of the neutrons due to massless neutrino exchange in a neutron star has recently been
proved, using an effective theory, to be extremely small and infrared safe. Our comment here is of conceptual
order: two approaches to compute the total interaction energy density have recently been proposed. Here, we
study the connection between these two approaches. Emrmvariance, we argue that the resulting interac-
tion energy has to be even in the paraméierfGan/\/i, which expresses the static neutrino potential
created by a neutron medium of density. [S0556-282(199)00807-3

PACS numbeps): 13.15+g, 14.60.Pq, 97.60.Jd

The long-range neutrino-mediated interaction betweerexchange. The neutrons are treated as static, and represented
neutrons in a dense core, such as a neutron star, has recertily a uniform axial-charge densitpeing electrically neutral
been studied1-6] and shown to be extremely small. Fol- the neutrons interact with th&, only the via axial current
lowing the method of Schwingd], the interaction energy while n, is the star neutron density. Notice that the potential

W can be computed as is attractive, with depttb, for neutrinos, which then con-
o dense, and repulsive for antineutrinos. It is important to
W=(0|H|0)—(0|H,|0), (1) stress that this effective Lagrangian, E(R), is non-

. CP-invariant since it describes the neutrino in a non-
where|0),|0) are the matter and matter-free vacua, respec€ P-symmetric background: the neutron star. In fact, it is
tively, andH (H,) is the Hamiltonian in the presencab-  easy to see tha@ PL(b)(CP) '=L£(—Db).
sence of the star medium. For convenience we will call, in  As a consequence of the effective theory used, expression
this note, “matter vacuum” the neutrinoless ground state in(1) is formally an ultraviolet-divergent quantity, which needs
the presence of a star. This first step is crudia¢ interac- to be regularized. This can be written as
tion energy is equal to the shift of the zero-point energy of a
neutrino due to the presence of the stw/e have demon- w=S E —E° 3)
strated[3,5] that there is a nonvanishing zero-point energy <
density differencéW) between the inside and the outside of
the star, which is due to the refraction index at the stellawherei runs over the negative neutrino energy levels. An-
boundary and the resulting nonpenetrating waves. In Refther method4,5] consists in the following symmetrization:
[5], this effect was shown analytically and numerically to be
the dominant one and lead to an infrared-safe total energy __ 0y _ 0
density. This result is in contradiction with the previous Weym=—1/2 26 (E~ED 2’0 E-ED]. @
claim in[8] that there must be a lower bound on the neutrino
mass to ensure the existence of stars. The latter ““catastrophfs a matter of fact, Eqg3) and(4) could be considered as
result” is a consequence of summing up large infrared term@lternative definitions of the zero-point energy difference,
outside the radius of convergence of the perturbative seriese., of the vacuum energy for the thedi}. Both definitions
The use of an effective Lagrangié®), which can be exactly are equivalent, as we shall sealy if the effective theory is
solved, allows this nonconvergence to be circumvented angymmetric undeCP transformation.
to provide the result to a good accuracy. The effective La- Using the latter expression, the result is found to be even

grangian is in the parametel [4,5]. Using the former one, we had found
it to be odd[5] and the authors d#,6] stressed that this last
»Cef'f:ijl_a/VL(r)_b;L')’OVLa(R_r)v 2) result was incomplete. We are in partial agreement with this

criticism, and, in this work, we are investigating these ap-
where R is the radius of the neutron star and proaches and their connection. To summarize we will mainly
= —Gan/\/f summarizes the static potential felt by the discuss two issues: the proper description of the vacuum en-

neutrinos, which is generated by the neutrons throdgh ergy and the UV dependence of the result in order to clarify
the differences between the approache$2—€, which,

needless to repeat, all agree on the main issue: massless neu-
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W()Z)E<6|H(>Z)|f)>—<O|Ho(>2)|0>. (5) boundary cqndltlons of th.e usual Feynman propag’gtor_.
Moreover, this symmetrization leads to an even behavior in
b: if one takes into account the transformation of the La-
In order to compute it following Schwingd#], we write it ~ grangian undeCP,CPL(b)(CP) *=L£(—b), Eqg. (9 can
as be rewritten as

-1 - >
. 9 Weyrf b,X) = 5}2 < E<0E{ Yl e e(D.X) + U e e(—D.X)
W) =i~ vl Se(xy) =S (X Y)Thyxi - (6) )
— 20} et e (OX)}; (10

the index (0) refers to the free vacuum a8dis the usual Where the dependence brof the eigenfunctions is explicitly

propagator written. . . .
In Refs.[4,5] this result has been confirmed, while by

using the nonsymmetric expressi@) the energy was linear

o 0 ST in b [5]. In order to understand this difference, we can sub-
Se(X,Y) o= 0(X"—y )$ E>0 i e(X) ¥ g(Y) tract Eq.(9) from Eq. (8):

e E0O-y0) _ 0(y°—x°)

. . [ia - -
W(X) = Wy X) = [5 &—Xoi (W e(Y) i e(X)

% ¥ cecoteeul e =, (@)
— U () YE(x))eT oY)

y—X
where Hy, e=E¢, g,k summarizing the other gquantum . .
numbers, for instance the momenta. From &g, w(x) can =3 W5&,B{<O|[\P2(y):\;[,B(X)]+|o>
be rewritten using the notatioﬁK,EEEdeE in the follow- 0
ing two ways. —(OI[¥ (), WP (01410} s,
(i) The first one consists in taking the limif—x° with
yO>X0: (1)

where[¥T, W], stands for the canonical anticommutation
relation of the fermionic field:

WX =3 0B v (X)X
V(x)=F oot e(e b, ¢
Y B OURR. @

+ ¥ o ot e B, . (12

Obviously this choice is equivalent to E(R).

1 T~ ” T 1 1 1
(i) The second one corresponds to taking the symmetrifh€ “coefficients” b, e andd, g being the usual fermionic
average of the limits®—x° with y°>x° andy®—x° with  annihilation and antifermionic creation operatoks; is ob-

yo<x%in Eq.(7), as done iff4] and also in5], which gives tained f_romK by pgrforming the ca.noni.cal transformation
generating the positive-energy antiparticle states from the
negative-energy ones.

From theCP transformation:\lf(xo,i)—»i v27o¥* (Xg,
—x) [9], it is easy to see that the last right-hand SiB&1S)
1 of (11) changes sign und& P. Therefore Eq(11) vanishes
- Ei K,E<oE¢I(,g)(>Z) ¢§<(?>E()Z) if the \(acua(_|()_),|0>) are CP-inv_arianI An equi\_/alent way
of seeing this is to remark that in@P-symmetric vacuum,
there is an E,k— —E,«’")-symmetry, inducing a cancella-

-1 - -
Weyrl )= 5F £ 0BV (01 (3)

1 t o2 -1 +(0)
-3 K,E>0E¢K,E(X)¢K,E(X)+§ «E>0E¥, E

X (X) (/rff)E(i) 9) Yt is worth pointing out that the use of momentum-space Feyn-
man propagators to rewrite the energy densiw()?), implies an
implicit symmetrization over positive and negative energies be-

corresponding to Eq4). The symmetrization over the limit cause of the Fourier integration over the time and of the time
on the time components is equivalent to the symmetrizatiomoundary conditions. Thus, in Feynman’s picture the symmetriza-
over positive and negative energies as a consequence of tinien is assumed.
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{a) (b) equivalent to Eq(8) since the difference given by E€lL1) is

4—,:‘5-1::;\:\ l::;:iiiiit:\‘ nonzero, the Dirac equation obtained from Ef) is not

i i symmetric in the exchang&,x— —E,x’. Thus, theCP
L N symmetry of the underlying theory, i.e., QCD, imposes the
n———="— n ———=—p— choice of Eq.(9) in order to compute the interaction energy

density.
© @ For practical calculations we need to remember that our
4 AN effective theory is valid only under the assumption that the

neutrons are static and remain so until the energy sCale
~100 MeV. Moreover, there are other energy scales that
limit our theory, as the one related to the confinement of
FIG. 1. The diagranfa) is changed tad) and (b) to (c) by = QCD (~1 GeV), the one related to the mean free path of
reversing the time arrow. In the Feynman'’s picture, reversing theleutrinos in the star. The physics related to these UV cut-offs
time arrow implies a change of fermionic lines into antifermionic has been discussed in Rg€B]. The use of a cut-off in the
lines. Thus,CP invariance guarantees that the total result will re- energy integration can be alternatively interpreted as the as-
main the same for both neutron and antineutron stays;(b)=(d) sumption that a repulsive core prevents the neutrons from
+(c). The dashed double line represents the neutrino propagator ifpiling-up” in space, as noticed by Fischbad8]. In our
the medium of the star. effective theory of Eq(2), b can be naively interpreted as the

o i ) i coherent and homogeneous amplitude for static neutrons to
tion in the sums of the first RHS in EQLL). It results that in  jnteract with neutrinos. The energy cut-off expresses the

aCP-invariant vacuum, Eq¢3) and(4) or equivalently Eqs.  gcale at which neutron recoil, repulsive cores, quark and

(8) and(9) are equal. . gluon substructures, etc., induce the neutrino interaction with
In a non-CP-symmetric vacuuf®), namely a neutronic nonstatic neutrons to become incoherent and inhomoge-

vacuum leading to the no@-P-invariant effective Lagrang- neous.

ian for the neutrino$2), which has been used by the authors In [5], using one of these physical cut-off§, we have

of Refs.[1-6], Eq. (11) does not vanishindeed, the axial found for the energies, using respectively E@.and (4):

charge(to which the parameteb is proportional changes

- e T S A

sign underCP transformatior{9] and, in fact, our effective W~ —bC3RS, (13
Lagrangian is only invariant under the productG® (which

changes neutrinos into antineutrin@d the operation that Weym~ —b?C?R3. (14)
changesh into —b (which changes the neutron star into an

antineutron star Equation(14), which uses Eq(4), is compatible with the CP

ThereforeCP invariancé imposes the invariance of the symmetry of QCDBeside the cut-off explicit regularization,
“vacuum’ energy under the exchande— —b: the energy itis probable that the result should also depend on the way of
due to massless neutrino multibody exchange inside a negerforming the summation over the energy. Indeed, this is
tron star is the same as the one inside an antineutrotisstar the first step in the regularization process.

Fig. 1. In computing Wy, Kiers and Tytgat[4] counted the

In principle, the problem of matching the effective theory energy levels of the Hamiltonian by putting the system in a
with the underlying one is related to the appropriate choicdarge box, which was a method different from the ong5h
of the ultraviolet regularization. A detailed and faithful de- and their result was
scription of the transition from the underlying theory to the
effective theory would lead to a UV-regularization, bringing W~ —b*RE. (15)
automatically into the effective theory the wanted properties
such as the&C P symmetry. However, this is a very complex Let us present a few comments to understand the difference
task. The limited goal faced in Refgl—6] justifies a naive between Eqs(14) and(15). Both are even irb and respect
“ descriptiort of UV physics; for instance, the use of a CP symmetry. Next, the sums leading to Ef4) and to Eq.
simple cut-off in Ref[5]. We will hence invoke the general (15 correspond to different orderings of the same energy
symmetry properties of the underlying theoi@R) to con- levels. Reordering a sum would not change the result if we
strain the description of the vacuum energy in the effectivevere not speaking of divergent serfesyhich have been
theory(4), exactly as the chiral symmetry of QCD constrainsregularized in ways that turn out to be different. This can be
the effective chiral Lagrangian. illustrated simply by applying both summation meth¢ps

Equation(10), and hence Eq9), is clearly invariant un- and[4]) to the (1+ 1)-dimensional toy model we presented
derb— —b transformation. The latter equation is no longerin Ref.[3]: we found thalW=0 because there was a one-to-

2In this Brief Report we neglecEP violation in the standard 3The classical example is that of the two possible orderings of the
model. Still, if the neutron stars are considered at equilibrium, itnonconvergent series—1)":2(—1)"=1+(—-1+1)+(—1+1)
suffices to invokeCPT to impose an equal mass to neutron and +--- andX,(—1)"=(1-1)+(1-1)+-- -, which are both valid
antineutron stars. to describe the series.
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one correspondence between the energy levels inside and —r,|>r certainly leads to a positive nonvanishing result
outside the star; by putting the ¢11) star in a box, as done «1/2.

in Ref. [4], we verified that the result was not Zero, although If cone still accepts this Vanishin@]’ then nobz-terms
it was extremely small. So the way of summing over theremain, and only diagrams with at least four neutrons con-
energy levels gives a difference in the final result. tribute; those contributions start bf.

Furthermore, the main difference between the two sym- Finally, in Ref.[5] we use a simple cut-off as regulariza-
metrized results, Eqg14) and (15), is the power in the pa- tion procedure, obviously different from both tHeauli-
rameterb. The origin of that discrepancy comes from ne- Villars and thedimensionakcheme used, respectively, by us
glecting the two-body contribution to the energy densityin Refs.[1,3] and by Kiers and Tytgat in Ref4]; we then
performed by the authors ¢#]. They argue that the two- perform a“crude” approximation, retaining only the sharp
body interacting energy behavesRg its contribution to the  effects of the neutrino potential. Our result is proportional to
energy density scales asRland this becomes negligible in b® [Ed. (14)]. We might wonder why this “crude” result
the largeR-physical regime. This seems to contradict previ-does not show larger powers bf We may conjecture that

ous studies that supported the existence of a well-definetis is due to the fact the two-body potential, being the short-
neutrino exchange two-body potentjal] est range one, is the one that corresponds to the ‘“sharp”
effects considered in the “crude” approximation, while the

) many-body potentials, being long-range, contribute to the
€= 1 (16) corrections to the “crude approximation” studied [if.
473 |F1—F2|5' As a conclusion we believe the resilt4) to be quite
reasonable. However, our main conclusion is that the energy
The integration of the latter potential over space is Uv-zh%l#degiez aet}/oer? 'Bezegauégg?iiénnﬁre'gn%i;[n%;h?etsmﬁ
divergent. Some regularization procedures lead to a vanisty. ton given by quired. . ;
ing result, as was the case, for exampld,lif8] because of a INg energy 1s even i is also manifest in Sphwlngers ex-
Pauli-Villars regularization, and similarly ip] due to a di- pansion[8], as it results from the symmetrizatidfurry's

mensional regularization. Intuitively, this vanishing of thetheoren) implicitly assumed in a Feynman diagram treat-

integrated two-neutrino exchange potential energy is arﬁnent of the problem.

avoidable consequence of the above-mentioned regulariza- We are especially indebted to M. B. Gavela for helpful

tion schemes. Indeed, the potential in Ef6) is positive, discussions. We wish to thank K. Kiers and M. Tytgat for

and having the integral of a positive function over space tosery important comments about that question. This work has
give a vanishing result is equivalent to assuming a negativeeen partially supported by Spanish CICYT, project PB 95-
distribution located atr;=r,. A simple UV cut-off.  0533-A, and by the FundacioRamm Areces.
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